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New relations between Bjorken polarized, Gross-Llewellyn Smith and Bjorken unpolarized sum
rules are proposed. They are based on the “universality” of the perturbative and non-perturbative
1/Q2 contributions to these sum rules. The letter facts can be deduced from the correspond-
ing renormalon calculations. The similarity of 1/Q2 corrections are checked by inspecting the
numerical results obtained within several approaches. The discussed relations are in agreement
with existing experimental data.Some possible new phenomenological applications are mentioned
including estimates of not yet measured Bjorken unpolarized sum rule.
Keywords: deep-inelastic sum rules, perturbative and non-perturbative effects of QCD
There are approximate relations be-
tween the Bjorken sum rule for polar-
ized charged leptons-nucleon DIS (Bp), the
Gross-Llewellyn Smith sum rule (GLS) and
Bjorken unpolarized sum rule (Bup) for νN
DIS 1, 2, namely
Bp(Q2) ≈
gA
18
GLS(Q2) ≈
gA
6
Bup(Q2) (1)
They include perturbative QCD corrections
and non-perturbative 1/Q2-effects and are
valid in the case when O(1/Q4) terms can
be neglected. Eq.(1) was discovered by
analysing the renormalon model calculations
of Refs. 3, 4. The definitions of the sum
rules we are interested in are well-known:
GLS =
1
2
∫ 1
0
[
Fνn3 (x,Q
2) + Fνp3 (x,Q
2)
]
dx ,
Bp =
∫ 1
0
[
glp1 (x,Q
2)− gln1 (x,Q
2)
]
dx ,
Bup =
∫ 1
0
[
Fνp1 (x,Q
2)− Fνn1 (x,Q
2)
]
dx .
Within QCD they can be expressed as
GLS(Q2) = 3
[
CGLS(as)−
A
Q2
+O(1/Q4)
]
Bp(Q2) =
gA
6
[
CBp(as)−
B
Q2
+O(1/Q4)
]
Bup(Q2) = CBup(as)−
C
Q2
+O(1/Q4)
where as=as(Q
2)=αs(Q
2)/4pi and the coef-
ficient functions
CGLS(as) = 1− 4as −O(a
2
s)
CBp(as) = 1− 4as −O(a
2
s)
CBup(as) = 1−
8
3
as −O(a
2
s)
are explicitly calculated up to a3s-corrections
(for a review see 5). The non-perturbative
parameters A and C of the 1/Q2 corrections
to the νN DIS sum rules are connected to
matrix elements of operators composed from
quark and gluon fields, and written down in
Ref. 6. The numerator B of the 1/Q2 term
in the Bp sum rule is defined by matrix el-
ements calculated in Ref.7, with additional
input from Ref.8. The discussions presented
below are mainly based on the work 2.
The “universality” of perturbative con-
tributions to the sum rules means that the
asymptotic structures of the expansion of
their coefficient functions in the QCD cou-
pling constant is almost identical, namely
CGLS(as) ≈ CBp(as) ≈ CBup(as) . (2)
The “universality” of the non-perturbative
1/Q2-contributions to the same sum rules
implies that
A ≈ B ≈ C (3)
1
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Following 2, consider now the method of
renormalon calculus, advanced in Ref. 9, and
reviewed in detail in 10 and 11. The coeffi-
cient function of DIS sum rules can be pre-
sented in the form of the Borel integral
C(as) =
∫
∞
0
exp(−δ/β0as) B[C(δ)] dδ (4)
where B[C(δ)] is the Borel transform, defined
as B[C(δ)]=
∑
∞
n=0 dn(δ
n/n!). Here dn are
the coefficients of the asymptotic perturba-
tive expansion of C(as) and β0 = (11/3)CA−
(4/3)TfNf is the first coefficient of the QCD
β-function, CA = 3, Tf = 1/2 and Nf - num-
ber of the active quarks flavours. The usual
prescription of calculating the Borel trans-
form in QCD is to evaluate the contributions
of Feynman diagrams with one gluon line,
dressed by a chain of fermion loops, each pro-
portional to Nf . Their contributions to the
coefficient functions do not reflect the whole
picture of renormalon effects in QCD. The
latter begin to manifest themselves after the
replacement Nf → −(3/2)β0= Nf − (33/2).
For the GLS and Bp sum rules the corre-
sponding Borel transforms coincide 3:
B[CBp] = B[CGLS]
= −
(3 + δ)exp(5δ/3)
(1− δ2)(1 − δ2/4)
(5)
The Borel transforms for the Bup and Bp
turn out to be closely related 4, namely
B[CBup] =
(
2(1 + δ)
3 + δ
)
B[CBp]
= −
2exp(5δ/3)
(1− δ)(1 − δ2/4)
(6)
Notice two similar features of Eq.(5) and
Eq.(6): the leading δ = 1 poles in the
Borel transforms of Eq.(5) and Eq.(6), which
are lying on the positive axis of the δ-plane
and are called leading infrared renormalons
(IRRs), have identical negative residues.
Moreover, the residues of δ = −1 poles in
the same Borel transforms, called leading ul-
traviolet renormalons (UVRs), are strongly
suppressed in relation to the residues of the
leading IRRs 4. Indeed, in the case of Eq.(5)
the suppression factor is (1/2)exp(−10/3) ≈
0.018, while in the case of Eq.(6) it is iden-
tically equals to zero.
Eq.(5) indicates the validity of the l.h.s.
of the perturbative Eq.(2) CGLS(as) ≈
CBp(as) in the asymptotic regime (for techni-
cal details see Ref. 3). This suggests that the
“light-by-light”-type contributions to high-
order perturbative corrections to CGLS(as)
should be small. The existing order a3s ana-
lytical results 12 confirm this guess and are
underly definite next-to-next-to-leading or-
der phenomenological applications of Ref. 13.
The consequence of Eq. (6) is even more
clear. In this case the behaviour of asymp-
totic series for the coefficient function is gov-
erned by the same IRR, which dominates
the asymptotic perturbative expressions for
the coefficient function of the Bp and GLS
sum rules. Therefore the r.h.s. of Eq.(2),
namely CBp(as) ≈ CBup(as) is valid as well.
Moreover, this explains the similarity be-
tween next-to-next-to-leading order pertur-
bative QCD contributions to CBp(as) and
CBup(as) observed in Ref.
14.
A few words about non-perturbative
1/Q2 effects are in order. The IRRs in the
Borel transforms for all three sum rules at
δ = 1 and δ = 2 generate ambiguities in the
corresponding Borel integrals of Eq.(4). In
our analysis we will modify the integration
contour by introducing small semi-circles,
which are going above these poles in the
Borel plane. This PV procedure introduse
an extra negative IRR -induced contribution,
namely
∆Csum rules ≈ −
32exp(5/3)
3β0
Λ2
MS
Q2
. (7)
A similar term was derived in Ref.11 in the
context of discussions of the GLS sum rule.
This IRR induced power correction should
be cancelled by the leading UVR in the co-
efficient function of the twist-4 1/Q2-term,
as was mentioned in the work of Ref.15 and
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explicitly shown in the theoretical analysis
of Ref. 16. However, the negative sign and
the identical value of Eq.(7) in the case of
all three sum rules can be considered as an
argument in favour of negative and identi-
cal values of the numerical results for 1/Q2
contributions to different sum rules. This
statement is similar to the hypothesis of uni-
versality of power corrections and IRR con-
tributions 17 and supports the validity of
Eq.(3). In Table 1 the numerical expressions
for the numerators of 1/Q2-corrections calcu-
lated within different non-perturbative mod-
els are summarized.
Table 1. Coefficients of the twist-4 contributions
to DIS sum rules (in GeV2)
A B C Ref.
0.10±0.05 —– 0.13±0.07 [18]
—– 0.06±0.03 —– [19]
0.16±0.08. 0.22±0.12 0.16±0.08 [20]
—– 0.03±0.01 —– [21]
—– 0.03±0.06 —– [22]
0.08±0.04 0.09±0.03 —– [23]
—– —– 0.16± 0.08 [24]
—– 0.10±0.07 —– [25]
The numbers from Refs. 18- 22 were
obtained using three-point function QCD
sum rules method with different interpolat-
ing currents. The results 23, 24 were ob-
tained using an instanton model of the non-
perturbative vacuum. Within the quoted er-
ror bars they all are consistent. However, the
work of Ref. 22 demonstrates the importance
of careful estimates of theoretical uncertain-
ties and is putting a huge question mark next
to the small result of Ref.21, which is sig-
nificantly smaller than the one from Ref.19.
Moreover, phenomenological determination
of the parameter B from the polarized struc-
ture function data by means of integrating
the h(x)/Q2 model extracted from the data
25 supports the result of the QCD sum rules
analysis of Ref.19.
Thus the numbers presented in Table
1 and discussions below it lend support to
Eq. (3) and together with the perurbative
equation of Ref.(2) are consistent with the
main relation of Eq.(1) discovered in Ref.1
and discussed in detail in Ref.2. However,
more careful checks are still needed. One of
them is related to the necessity of indepen-
dent calculations of the parameters A, B and
C. Another one is presumes more detailed
studies of the outcomes of taking Borel trans-
form from the Borel images, as calculated in
Refs.3, 4. The first results, presented in 26
for Nf = 0 seem to confirm Eq.(1) in the
region Q2/Λ2 ≥ 6 which approximately cor-
responds to the region of energies considered
in 1,2.
Consider now the experimental conse-
quences of Eq.(1). We will use experimen-
tal values of CCFR-NuTeV collaboration for
the Q2-dependence of the GLS sum rule
27, extract from them the Q2 dependence
of the Bp sum rule using the approximate
theoretical relation of Eq.(1) and compare
these results with the concrete experimen-
tal data (see Table 2). One can see that
Table 2. The comparison of Bp results ex-
tracted from GLS values using Eq. (1) with the
direct experimental extractions of Bp
Q2 Bp from Eq.(1) Bp (expt)
2.00 0.174± 0.012 0.169±0.025 [28]
3.16 0.178±0.008 0.164 ±0.023 [28]
5.01 0.195±0.014 0.181±0.022 [29]
12.5 0.196± 0.016 0.195±0.029 [30]
within existing error bars the results for
Bp sum rule motivated by the GLS sum
rule experimental numbers the ones based
on the exact experimental measurements are
in good agreement. Moreover extracted by
theoreticians from existing SLAC and SMC
data, Bp(3 GeV2)=0.177±0.018 31 which,
within error bars, does not contradict the
value Bp(3 GeV2)=0.164±0.011 32, and is in
beautiful ( although presumably accidental)
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agreement with the result of applying Eq.(1)
to the experimental value of the GLS sum
rule (see second entry in Table 2).
In order to estimate better the errors and
limitations of Eq.(1), it is highly desirable to
try to extract the Q2 dependence of the GLS
sum rule from already existing NuTeV data
for xF3. It would also be interesting to get
new data for the Bp sum rule. These data
may be obtained at JLAB and by COMPASS
Collaboration at CERN, if it will be able to
continue running this experiment using hy-
drogen target. Another interesting applica-
tion of Eq.(1) would be the estimation of the
Q2 dependence of the still experimentally un-
measured Bup sum rule. This proposal was
made whilst planning for the hadronic pro-
gram of Neutrino Factories 33,34.
I am grateful to I.A. Savin for dis-
cussions. It is the pleasure to thank
D.J.Broadhurst for fruitful collaboration and
the members and visitors to IPPP, Durham,
UK, where this write-up of my talk at
ICHEP-06 was prepared, for the interest in
its content. The work is supported by RFBR
Grants 05-01-00992 and 06-02-16659.
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